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Improved Method for Solving the Viscous
Shock Layer Equations
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An improved method for solving the viscous shock layer equations for supersonic /hypersonic flows
past blunt-nosed bodies is presented. The method is capable of handling slender to thick bodies. The
solution is obtained by solving a coupled set of five equations, built of the four basic viscous shock layer
equations and an additional equation for the standoff distance. The coupling of the equations prevents
the local iterations divergence problems encountered by previous methods of solution far downstream
on slender bodies. It also eliminates the need for local iterations, which were required by previous meth-
ods of solution, for a first-order scheme in the stream wise direction. A new global iteration procedure
is employed to impose the shock boundary conditions. The procedure prevents the global iteration in-
stability encountered by the basic method of solution and improves the convergence rate of the global
iteration procedure of later methods devised to overcome this difficulty. The new technique reduces the
computation time by 65-95% as compared to previous methods of solution. The method can efficiently
be implemented in vector/parallel computers.

Nomenclature
#* = body nose radius
Cf = skin friction coefficient, 27*/(p*£/*2)
C* = specific heat at constant pressure
c* = viscosity law constant, 198.69°R
H = nondimensional total enthalpy, H*/U*2

h\, h2, h3 = metrics of the coordinate system
k* = thermal conductivity
M = Mach number
n = nondimensional normal coordinate measured

normal to the body surface, rc*/a*
nsh — nondimensional shock standoff distance, n*h/a*
Pr = Prandtl number, /i*C*A*
p = nondimensional pressure, p*/(p£U%2)
q = nondimensional heat transfer, q*/(p£U%3)
Re = Reynolds number, p£U*a*/ii*(U£2/C*)
St = Stanton number, qw/(H0 - Hw)
s = nondimensiortal longitudinal coordinate

measured along the body surface, 5*/a*
71, U$ = freestream temperature and velocity,

respectively
= nondimensional temperature, t* /(U%2/C*)
= nondimensional velocity components tangent

and normal to the body surface, respectively,
u = u*/U*, v = v*/U*

= nondimensional components of velocity,
tangent and normal to the shock interface,
respectively

= shock angle
= angle between n and negative ;c direction
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Subscripts
i
k

sh
w

= ratio of specific heats
= stream wise difference opperator
= time step in the artificial time-like term
= iteration difference operator
= perturbation parameter, [/

= nondimensional surface curvature
= nondimensional viscosity coefficient, //,*/

= transformed coordinates, j; = s, rj = n/nsh
= nondimensional density, p*/p£
= nondimensional shear stress, T*/(p£U%2)
= body angle; also variable </> = y + a)p(\ — y)
= relaxation parameters
= weight parameters

= mesh index measured along the body surface
= mesh index in direction normal to the body

surface
= conditions immediately behind the shock
= wall value
= freestream conditions
= stagnation point condition

Superscripts
j = parameter, y = 0 for a two-dimensional flow, j

= 1 for an axisymmetric flow
m, n = local and global iteration number, respectively
' = longitudinal derivative
* = dimensional quantity, also temporary new

value
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Introduction

THE calculation of supersonic hypersonic flow past blunt
bodies is of prime interest to the designer of re-entry space

vehicles. The re-entry flow conditions require the solution to
be valid over a wide range of Reynolds numbers, from low
Reynolds numbers at high altitude to high Reynolds numbers
at low altitude.
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At the nose region of blunt bodies, viscous effects influence
a significant portion of the shock layer region between the bow
shock wave and the body, thereby violating the classical
boundary-layer approximation and requiring the use of a more
comprehensive set of governing equations. There are several
approaches for treating the problem. The first approach is based
on coupling the second-order boundary-layer equations solu-
tion with the inviscid solution.1"3 This approach may lead to
computational difficulties in the matching procedure on long
bodies, at the far downstream region, where strong vorticity
interaction occurs.

The second approach is to use the full Navier-Stokes equa-
tions.4'5 This approach has been successful in providing a so-
lution at the stagnation region, but generally has been applied
for only 1-2 nose radii downstream. The complexity of this
solution restricts its application in the downstream region.

The third approach is to employ the viscous shock layer (VSL)
equations. This approach was proposed by Davis and Fliigge-
Lotz2 and elaborated into a computational method in Refs. 6-
9. It is based on using a combined set of equations obtained
from the full Navier-Stokes equations by keeping terms up to
second order in the inverse square root of Reynolds number
from both a viscous and an inviscid viewpoint. The resulting
set of equations is of a boundary-value type; the solution de-
pends on the shock standoff distance distribution and on the
downstream pressure and normal component of velocity fields,
which are unknown a priori. A global iteration procedure is
devised to reflect the boundary-value nature of the equations.
This procedure is combined according to the basic method of
Ref. 6, with a local iteration procedure devised to solve the
governing equations at each streamwise station. If the pressure
gradient normal to the body surface is assumed to be estab-
lished entirely by centrifugal effects, the thin shock layer ap-
proximation is obtained.

The main difficulties with the method of Ref. 6 were iden-
tified as the shock-shape divergence problem, which becomes
severe for thick or slender bodies, and the slow convergence,
or sometimes even divergence problem of the local iterations,
especially far downstream on slender bodies. In spite of these
difficulties, many very useful techniques were developed using
this approach for calculating complicated flows.10'11

Some improvements to the method were devised in the work
of Refs. 12-15. These improvements consisted of reformu-
lation of the manner in which the shock conditions were han-
dled.12'13 This resolved the shock-shape divergence problem
for flows over slender-to-moderate thick bodies. Next, changes
were made in the code to couple the normal momentum and
the continuity equations,14 and later also the set of four shock
layer equations,15 to eliminate the local iterations divergence
problem occurring far downstream on slender bodies.

In this paper, we present an improved method for solving
the VSL equations. It is based on solving a set of five quasi-
linearized difference equations derived from the four basic VSL
equations (i.e., the longitudinal momentum, normal momen-
tum, energy, and continuity equations) and an additional equa-
tion for the standoff distance. The equations are solved si-
multaneously as a coupled set of equations. The coupling of
the equations has the following advantages: it prevents the di-
vergence problems encountered far downstream on slender
bodies; it eliminates the need for local iterations at each
streamwise station, which were required by previous methods
of solution;6"15 it also makes the method suitable for use on
modern parallel/vector computers. A new global iteration pro-
cedure is employed to impose the shock boundary conditions.
The procedure prevents the shock-shape divergence problem
of the basic method of Ref. 6 and improves the convergence
rate of the methods of Refs. 12-15 devised to overcome this
difficulty. These changes reduce considerably the computation
time of the method as compared to previous VSL methods.

Our method is based on writing the p% and v^ terms as a
combination of forward and backward differences. This en-
hances the numerical stability of the scheme and assures the

mathematical as well as physical consistency of the problem.
The use of weighted differences for p% and v^ enables the cal-
culation of flows over thick bodies, where the upstream influ-
ence becomes very important; previous VSL methods failed to
predict these flows.

Recent studies of Rubin,16 Lin and Rubin,17 Barnett and Da-
vis,18 and others have used forward differences or mixed for-
ward-backward differences for calculating the longitudinal
pressure gradient term in solving the parabolized or reduced
Navier-Stokes equations. In this work, we use mixed differ-
ences with the VSL equations. A theoretical stability analysis
justifying this approach is presented.

In the following sections, we first present the method. Then
we demonstrate the validity and capabilities of the new tech-
nique by solving the flow over hyperboloids of various asymp-
totic cone angles and comparing our results with other meth-
ods' results.

Governing Equations
The VSL equations are written in general orthogonal cur-

vilinear coordinates so that arbitrary geometries can be con-
sidered. This formulation is obtained by first writing the Na-
vier-Stokes equations in general orthogonal curvilinear
coordinates. Then we omit terms of higher than second order
in the inverse square root of Reynolds number from both a
viscous and an inviscid viewpoint. The resulting equations are
the following.

Continuity:

(h2h3pu)s + (hih3pv)n = 0

Longitudinal momentum:

[ u du v du v I dh2 d/*i\l
— — + — — - —— v— - u —
hids h2dn hlh2\ ds dn/ J

du u a/iAl
dn /z, dn)J

(la)

hi ds h2h2h3 dn [_ h2 V

Normal momentum:

(Ib)

[ u dv v dv u / dhi d/z2\l 1 dp
-— + - — - — — [u —1- v— = — — — (Ic)
hi ds h2 dn h{h2 \ dn ds) J h2 dn

which with the thin shock layer approximation this becomes

pu2 dh{

dn
dp
dn

(Id)

Energy equation:

[ u dt v df~| u dp v dp [hi d(u/hi)~\
— — + — — = — — + — — + e JJL — ————
hi ds h2 dn] h} ds h2 dn Y.h2 dn J

d

dn
ih3 n, dt

h2 Pr dn
(le)

The equation of state for a perfect gas and Sutherland's law
of viscosity are assumed. These are given by

Equation of state:

Viscosity law:

where

(y- Dp = ———pt

c')

(t + c')

(If)

dg)
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MlT*(y -
(In)

and c* is taken to be 198.6°R for air.
Here, hi, h2, and h3 are the metrics of the curvilinear co-

ordinate system and the variables w, v, /?, r, p, and p are the
nondimensional variables defined by

«* v* p*
u = — , v = — , p = ——— -

U* U* p£U*2 t =
C*t*
m2

Boundary Conditions
The surface boundary conditions are the no-slip and pre-

scribed wall temperature conditions:

s, 0) = 0, v(s, 0) = 0, t(s, 0) = (2)

The boundary conditions at the shock are the oblique shock
relations (see Fig. 1) given by

wsh = Mshsin(a

vsh = - vshsin(a
(3)

where wsh and vsh are the velocity components tangent and nor-
mal to the shock interface, respectively, and are given along
with the density, pressure, and temperature from the following
relations:

wsh = cosa

vsh = -sina/psh

Psh = rPshAr - l)7ih

Ah = [2/<y + I)]sin2a - (y -

(wsh - cosa)2/2 + {[4y/(

[2/(y - 1) - 4(y - l)/(y + 1)2]/M2

l)2Mlsin2a}/2

1)M2

I)2]sin2a

(4a)

(4b)

(4c)

(4d)

(4e)

Fig. 1 Body geometry and coordinate system.

Because of the boundary- value nature of the problem,
downstream boundary conditions are required for the standoff
distance /ish and for the pressure and normal component of ve-
locity in the subsonic region of the downstream boundary. As-
suming that the boundary is sufficiently far downstream, these
are taken here as «shf = constant; p% = constant, and v^ =
constant. Note that the downstream boundary condition on v^
is redundant with the thin shock layer approximation.

Transformed Governing Equations
Equations (la-le) are now rewritten in the transformed co-

ordinate system (£ , 17) defined by £ = 5; 17 = n/nsh. This results
in the following two second-order and two first-order differ-
ential equations:

s-momentum equation:

d2u du du
a0 — - + ct\ — + a2u 4- a3 + a4 — = 0

drj drj d£

where

nshh2 .
pv + — + — hi + —

«4 — ~ ~T~ TI

Energy equation:

82t dt dt

where

= 1

«sh ^2——Pr —
e IJL hi

«sh Mr,

= 0

«sh „ ,2 f«shW / «ih \ v 1
= ——prhl \ —— (Pc-l—Pi] +TP-n\

e> L Ai V «sh / ^2 J

Pr
h\

pu

Continuity equation:

a a
= 0

(6a)

(6b)

(6c)

(6d)

(6e)

(60

ot0 —- + «! — -f a2t + a3 + a4 — = 0 (7a)

(7b)

(7c)

(7d)

(7e)

(7f)

(8)
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^-momentum equation:

dv
&i — + a2v

where

dv
— = 0
df

i ipu + —-pv
l «sh^2 J

n'A \ 1
-T?-^, P«"sh / J

1 1

pw
7-
/z,

(9a)

(9b)

(9c)

(9d)

(9e)

Q = 0 for the thin VSL approximation, and Q = I for the full
VSL equations. The remaining equations and boundary con-
ditions are unchanged under this transformation.

This transformation adds a new variable, the standoff dis-
tance «sh(f)- Previous works6"15 have used local iterations to
solve for nsh at each stream wise station. In the present work,
we assume «sh to be also a function of 77. This yields an ad-
ditional equation:

dns]
= 0 (10)

The addition of this equation enables us to get nsh directly
by solving a coupled set of equations. Consequently, it elim-
inates the need for local iterations that were required by pre-
vious methods of solution for a first-order scheme in Af.

Equations (If), (Ig), and (6—10) and the boundary condi-
tions (2—5) constitute a complete set of equations for the un-
knowns, M, v, t, p, IJL, p, and rcsh.

Method of Solution
The method of solution is as follows. First, an initial guess

for the standoff distance n(& is made over the region of interest
and its first and second derivatives are calculated. This guess
can be arbitrary, but the simplest one is to assume a constant
shock thickness. Then, the solution of the equations is ob-
tained by starting at the stagnation point. With an initial guess
for the flow profiles at the stagnation point, the quasilinearized
equations, which are given in the next section, are solved si-
multaneously. This results in new flow profiles and a new value
for nsh at this point. The coefficients of the quasilinearized
equations are then reevaluated and a new solution is obtained.
This process is repeated until the solution converges at this
point. The method then steps along the body surface. The flow
profiles and the value of «sh at the previous station are used
as a first guess in evaluating the matrix coefficients at the new
station. The equations are then solved and the method steps to
the next station. No local iterations are required (except at the
stagnation region) for a first-order scheme in A£.

Once this procedure has marched over the entire computa-
tion region, a new standoff distance distribution n(£+l} is cal-
culated from

( ID
where CD is a relaxation parameter and «sh+1)>* is the recent
sweep value of wsh. Note that the method of Ref. 6 actually
uses a) = 1.0.

The first and second derivatives of n(£+l) are now evaluated
and a new sweep solution is obtained, marching from the stag-

nation point along the body surface downstream. The proce-
dure is repeated until the solution converges.

Linearization of the Governing Equations
The nonlinear equations 6-9 are quasilinearized as follows.

The equations are first rewritten in incremental form:
r(m+\) __ r(m) , vr< (12)

where /stands for any one of the variables w, v, p, t, and /ish,
and the superscript m is the rath local iteration value. Then,
second-order terms are neglected. This results in a linear set
of equations for 6w, 5v, dp, 8t, and 5/ish. The following rela-
tions are used in the linearization process for any functions /
and g:

(13a)l) = f(m)8g

The functions / and g can be expanded about the previous
f station value or about the previous global sweep value. Ex-
panding/and g about the previous sweep value yields an error
of 0(A£)2 in Eq. (13a). Thus, local iterations (due to nonlin-
earity) are not necessary for a first-order scheme in A£. In this
case, with//0) = /•_,, we get the following linear equations:

5-momentum equation:

c28v + c38p + c48t

Energy equation:

d = 0 (14)

+ (c}8u + c28v + c38p + c48t + c58nsh) + d = 0 (15)

/i-momentum equation:

+ (cfiu + c28v + c38p + c48t + c58nsh) + d = 0 (16)

Continuity equation:

c28v + c38p

+ c48t

Equation for

d = 0

8nsh = 0

(17)

(18)

The coefficients a\, a2, . . . are given in Ref. 19 and are eval-
uated independently for each equation.

Difference Equations
Equations (14-18) are solved by finite differences. A two-

point backward or mixed forward-backward difference is used
for the f derivatives. Using the previous sweep values to eval-
uate the forward f derivatives results in a purely implicit scheme,
with truncation error of order O( A£) . Previous studies of Davis6

have shown that the use of a semi-implicit Crank-Nicolson
scheme of order 0(Af2) is less stable than the purely implicit
scheme, whereas the numerical results of the two schemes do
not show much difference for a given step size A£ .

In discretizing the second-order longitudinal momentum and
energy equations, three-point differences are used for calcu-
lating the first and second 17 derivatives. The finite difference
schemes for the first-order normal momentum, continuity, and
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«sh equations are obtained by using averaged quantities cen-
tered at midpoint (i, k + l/2) and employing two-point central
differences for calculating the 17 derivatives at this point.

The linearized equations derived from the longitudinal mo-
mentum, energy, normal momentum, continuity, and /ish equa-
tions are evaluated at points (/, k), (/, k), (/, k - l/2), (/, k +
l/2), and (/, k + 1/2)9 respectively. The resulting difference
equations are the following.

5-momentum equation:

(bn8uk + bl28vk + bl38pk + bl48tk

+i + cl38pk+l) = dl (19)

c248tk+l) = d2
(20)

Energy equation:

(c2l8uk+l + c238pk+

^-momentum equation:

(b3[8uk + b328vk + b338pk + b348tk

+ (c3l8uk+] + c328vk+l

+ c348tk+] + c358nshk+]) = d3

Continuity equation:

+ (b4\8uk + ^42^v)t + b438pk -

nsh equation:

(21)

= 0

(22)

(23)

where k = 2,3, ..., K — 1. The expression for the coefficients
can be found in Ref. 19.

The wall and shock boundary conditions are written as the
following.

At the wall:

At the shock:

{ = 0, Sv, = 0, 8t} = 0

da d<f>
— + Ki —

(24)

(25)

The coefficients K\, K2, . . . , K6 and the expression for da/df
as a function of the first and second derivatives of nsh can be
found in Ref. 19.

Equations (19-23) and boundary conditions (24-25) define
a linear set of equations of order 5AT*5#, with a 5 x 5 block
tridiagonal coefficient matrix. This equation set is solved by
the LU decomposition algorithm.

Convergence of the Global Iteration Procedure
The global iterative procedure of Ref. 6 was found to be

unstable and diverged after several iterations. To overcome this
difficulty, Werle et al.12 developed a time-relaxation scheme,

where the initial guess of the shock standoff distance is relaxed
in an artificial time-like manner, using a two sweep algorithm
to approach the steady-state solution. Later studies of Srivas-
tava et al.13 and of Hosny et al.15 have used the same or a
similar approach to overcome this difficulty.

In this study, we use the under-relaxation technique given
by Eq. (11) to overcome this problem. This technique is much
simpler than that of Refs. 12, 13, and 15 and it also converges
faster, as shown in the Results and Discussion section.

Stability Analysis
To understand the stability problems that occur when a space-

marching technique is used, let us examine the influence of
the PI and v^ terms on the mathematical nature of the VSL
equations. For simplicity, we consider a two-dimensional flow
with zero curvature. With these assumptions, Eqs. (la—le) can
be written in a vector form as

dF dF 82F
—+B—=C——
dx dy d y

(26)

where

F =

5 =

"P"

//

V

-P-

u

, A= °0
.-a2

v O p
0 pv 0
0 0 pv

_-a2v 0 0

~^e

0 0 0
0 1 0
0 0 0

—r- 0 0
PPr

p 0 0
pU 0 Ce)p

0 WvpM 0

U 0 0 M0_

o"
0
1
v_

0
0
0

—
PPr

, (f) = y + ^(1 - y)

and O)P and o>v are the portion of the px and vx derivatives cal-
culated implicitly by the scheme, respectively.

Consider first the inviscid flow region. In this region, the
equations reduce to

8F dF
A— + B— = 0

dx dy

These equations are hyperbolic provided that the eigenvalues
of \B - AA =0 are real and distinct.20 The eigenvalue problem
reduces to the following equation:

(v — Aw){(v - A«)(v - Ao)vw)(v - AM<£)

- a2[X2a)p(v - \a)vu) + (v - AM)]} = 0

For a)v = 1, this equation has two identical roots: A, = A2 =
v/u. Hence, the equation set is not necessarily hyperbolic.
However, if we take a>v — 0 and

1 + (y - \)M2
X

we get real and distinct eigenvalues that yield a hyperbolic set
of equations and a stable marching technique.

We next consider the viscous flow region by ignoring the
first y derivatives in Eq. (26). The resulting equations are

dF 82F
A— = C ——

dx 82y
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These equations are parabolic in the positive x direction pro-
vided the eigenvalues of C - \A\ = 0 are real and positive.20

The eigenvalues must be positive in order for the viscosity to
produce damping in the stream wise direction. (Actually in Ref.
20 not all of the eigenvalues have to be strictly positive—see
page 436). Solving the eigenvalue problem we get the follow-
ing: for any o>v, u > 0, and

yM2

1 + (y- \)M2
X

(the restriction imposed on a)p in the inviscid flow region), the
eigenvalues are real, nonnegative, and two are strictly posi-
tive. Hence, the equation set allows a stable marching tech-
nique. Note that under these restrictions on u and a)r, for a)v
= 1, we get two identical roots A, = A2 = 0 and A3, A4 > 0,
whereas for <ov = 0, we get a reduced 3 x 3 eigenvalue matrix
with A, = 0 and A2, A3 > 0. Also, with the thin VSL approx-
imation, the vt term is omitted, hence, there is no restriction
on o>v.

In the present work, both the v^ and p% terms are calculated
from the previous global sweep, as explained in the next sec-
tion. This corresponds to a)p = a)v = 0. Based on the above
analysis, a stable marching technique is ensured provided that
the v^ and p% terms are differenced in an appropriate manner.
In the subsonic flow region, in order for the elliptic character
of the equations to be properly modeled, these terms must in-
troduce the downstream effect. This is done through the use
of mixed forward and backward differences, as described in
the next section.

Numerical Solution
To obtain a stable technique, the derivative wshf is calculated

as follows. The value of n^ in terms that arise from the lon-
gitudinal derivatives of the flow variables is taken by its value
at the previous global sweep, whereas the value of nshf in terms
that arise from the metrics is quasilinearized around the pre-
vious streamwise station value of nsh. The same technique was
used in Refs. 6 and 12-15 for calculating «shf. Furthermore,
an artificial time-like term is added to equations (14-17). This
term is taken as

(27)

where Ar is an input parameter of the computer program.
To account for the strong downstream of the pressure on the

upstream flow region, the longitudinal pressure gradient p% is
taken as a weighted combination of forward and backward dif-
ference gradient terms,

dp a/A
— + ( 1 -

a/
(28)

where (dp/dg)F and (dp/dg)B are forward and backward dif-
ferenced gradient terms, respectively, and col is a weight pa-
rameter that is determined following Vigneron et al.21 to be

= i

- for M^ < 1

for Mf > 1
(29)

where M$ is the local Mach number component in the f direction.
The use of the forward differences for calculating p% pro-

vides a path for upstream propagation of information through
subsonic portions of the flowfield. In accordance with the the-
oretical stability analysis, our numerical studies show that mixed
differences are required when solving both the full VSL equa-
tions or the thin VSL equations. Although, for some flows the

downstream effect is less important when solving the thin VSL
equations.

The use of mixed forward-backward differences for the p€
term requires the pressure field and a boundary condition on
the pressure far downstream. A global relaxation procedure is
employed to obtain the pressure field. An initial guess is first
made for the entire pressure field; then the field is updated
until the solution converges according to

where the superscript * refers to the recently calculated value
obtained by the nth global sweep, and o>2 is an under-relaxation
parameter. In the present calculations, we used/?!^ = 0, though
this is not crucial to the method. Once the pressure field p(n)

has been obtained, the pressure gradient for the (n + l)sf global
sweep is calculated following Eq. (28):

a/ ,.n(31)

In solving the full VSL, it is necessary to account for the
boundary- value nature of the equations that also appears through
the v^ term. As seen from the stability analysis, the boundary-
value character associated with v^ is due to the normal mo-
mentum equation (Ic). Previous VSL techniques6'12'13*15 have
used a completely forward difference for calculating v^, using
the previous global sweep values. In the present study, v^ is
calculated in a similar way to that used for p%. Mixed forward-
backward differences are employed together with a global re-
laxation iteration procedure. Our numerical studies have shown
that using mixed forward-backward differences for v^, instead
of forward differences alone, results in a more stable proce-
dure, allowing the use of a larger relaxation parameter a) in
Eq. (11).

100i thin VSL approximation

^ = 351. 8 R
m ••= 21.75

R = 430.

VTQ = 0.05
AS = 0.1, AT? = 0.02

present results Smax=4.0 At
results Of [15] Smax=4.0 At
present results Smax=8.0 At
reSUltS Of [15] Smax=8.0 At

present results parameters, Smax=4.0;
ITERATIONS
ITERATION

20 40 60
ITERATION

a) 22.5-deg half-angle hyperboloid
100-3

10 ='

80 100

0.1 •=

0.01 •=

0 20 40 60
ITERATION

b) 45-deg half-angle hyperboloid

80 100

Fig. 2 Standoff distance convergence comparison for flow.
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a) Standoff distance distribution
0.2 q
Cf =

0.1 :
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b) Skin friction distribution
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c) Surface to stagnation pressure ratio distribution
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S
d) Stanton number distribution

Fig. 3 Flow characteristics comparison.

The v^ term is calculated as follows. An initial velocity field
is first assumed for v, taken here as the first global sweep
value. Next, the field is updated using the under-relaxation
procedure:

(n) _ (n),^ i /1 _ \ ( / ; — ! ) C\")\

where a)3 is a relaxation parameter. Then, the velocity gradient
for the (n + \)st global sweep is calculated from

+ d -*>.)- (33)

The far downstream boundary conditions on the pressure and
normal component of velocity are taken here as p% = constant,
v^ = constant. The constants are unknown a priori and are
calculated as part of the global iteration procedure.

Results and Discussion
The numerical algorithm developed in the previous sections

is applied here to the solution of the flow over hyperboloids

of large to very small asymptotic angles. Results are obtained
for the same flow conditions as those considered in Refs. 12
and 15, with a freestream Mach number M^ = 21.75, free-
stream temperature Tx = 351.8°R, wall to stagnation temper-
ature TW/T0 = 0.05, and Reynolds number based on the nose
radius Rex = 430. The gas is assumed to be a perfect gas with
constant specific heats and a constant Prandtl number Pr =
0.72, and the viscosity is assumed to be given by Sutherland's
law.

The initial approximation for the shock is a surface parallel
to the body surface at a distance of 0.1072. This is the con-
verged stagnation shock standoff distance value, obtained by
Davis' method6 with the full VSL equations, for a flow over
a 22.5-deg half-angle hyperboloid at the same flow conditions.
The initial shock shape is not critical to the solution; other
smooth shock shapes could be used as well. As to A/ in Eq.
(27), our experiments indicate that it should be taken in the
range Af = 1—30. The choice of this parameter does not affect
the final converged solution, but it affects the convergence rate
of the global iteration procedure. The choice of w in Eq. (11)
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Fig. 4 Effect of hyperboloid asymptotic angle on flow characteristics.

affects the convergence rate of the procedure. The use of a
large value for a) increases the convergence rate, but may cause
oscillations and divergence of the procedure.

Figures 2a and 2b compare the convergence histories of «sh
of our method with that of Ref. 15, for 5max = 4.0 and 8.0,
for flows past 22.5- and 45-deg half-angle hyperboloids, re-
spectively. Near optimal parameters, found by experimenta-
tion, were used for both methods; their values are specified in
the figures. The parameters of the present method do not change
much with the flow case. Note that the definition of conver-
gence of the method of Ref. 15 has been modified here to
measure differences between the final sweep and the following
star sweep. The original definition of convergence of Ref. 15
(and of Refs. 12 and 13) does not present the actual conver-
gence but a form of cyclic convergence; i.e., it measures con-
vergence by considering the maximum difference between «sh
of two successive final sweeps. Differences between /ish of the
final sweep and the following star sweep are not considered
in Ref. 15 and may still remain quite large at convergence, as
actually is the case.

Figures 2a and 2b show that the convergence rate of the
present method is almost independent of the length of the
calculated region, whereas the convergence rate of Ref. 15
depends strongly on the computed region length, decreasing
rapidly with increasing length. For 5max = 4.0, the conver-
gence rate of both techniques is similar, whereas for 5max =

8.0, the convergence rate of the present method is about
four times faster than that of Ref. 15. The convergence rate
of the methods of Refs. 12 and 13 is similar to that of
Ref. 15.

Our studies show that the relative error for rcsh decreases by
several orders of magnitude, but eventually, it starts to in-
crease and diverges, with maximum error occurring near the
downstream boundary. The stage at which divergence occurs
depends on the relaxation parameters o^, o>2, and o>3. When
(o{ is small enough, divergence depends mainly on o>2 and o>3;
decreasing these parameters postpones divergence. However,
we can prevent divergence and converge to machine zero by
holding the pressure and normal component of velocity fields,
used for calculating p% and v^, fixed by using &>2 = ct>3 — 0.
This modification can start at any stage of the process. The
divergence is apparently due to our lack of fixed predeter-
mined boundary conditions for p^ and v^ at the subsonic region
of the downstream boundary. By fixing the downstream con-
ditions, we get a mathematically well-posed problem whose
solution converges to machine zero. From a practical point of
view, the convergence obtained without holding the fields fixed
is sufficient and its error is much smaller than the overall nu-
merical error of the method. Moreover, we can hold the pres-
sure and velocity fields fixed when these are converged to within
a given convergence criterion and then converge /?sh to ma-
chine zero.
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Fig. 5 Convergence histories of maximum wall pressure error
for hyperboloids of various asymptotic cone angles.

As a check on the validity of our method of solution, we
calculated the flow over 45-, 22.5-, 10-, and 5-deg half-angle
hyperboloids and compared the computed results with results
of Ref. 15. Figures 3a-d show the calculated results for the
standoff distance, skin friction, surface to stagnation pressure
ratio, and Stanton number distributions, respectively, as ob-
tained with the thin VSL approximation. These figures show
that the present results agree well with results of Ref. 15. The
results of Ref. 15 have been compared in Ref. 15 with results
of Davis,6 Werle et al.,12 and with experimental data and were
found to be in good agreement.

To examine the capability of the method of handling slender
to thick bodies, we calculated the flow over a wide range of
asymptotic cone angle hyperboloids. Figures 4a—d show the
calculated results for the standoff distance, skin friction,
surface to stagnation pressure ratio, and Stanton number
distributions, obtained with the full VSL equations for the
10-, 22.5-, 45-, and 60-deg half-angle hyperboloids. Our stud-
ies show that the method of Ref. 15 diverges for the 60-deg
half-angle hyperboloid. This is apparently due to inappropriate
modeling of the strong downstream effect for this wide body
flow case.

Figure 5 presents the convergence histories of the wall pres-
sure ratio for the 22.5-, 45-, and 60-deg half-angle hyperbo-
loids, with the thin VSL approximation. This figure shows that
the convergence rate of the 22.5- and 45-deg flow cases is
much faster than that of the 60-deg flow case. This is due to
the strong downstream effect on the upstream flow region, which
becomes very important for the 60-deg flow case. For this case,
the calculated flow remains subsonic throughout the flowfield.

The present method reduces the computation time signifi-
cantly as compared to previous methods of solution of Refs.
12, 13, and 15. This is due to the elimination of the need for
local itertions at each streamwise station and the faster global
iteration procedure, in cases where the calculations proceed far
downstream. The method can be efficiently implemented on
vector/parallel machines since the coefficients of the quasili-
nearized equation set can be evaluated independently.

To compare the CPU time of the present method with that
of Ref. 15, we ran the two codes on an IBM 3090 vector com-
puter, though no changes have been made in these codes to
utilize the vector features of this machine. The GPU time per
iteration of both codes were evaluated by running, for a few
iterations, a test case involving 51 nodes in the 77 direction.
Based on this test case, the present code written for the spe-
cific metrics used in Ref. 15 requires 0.00925 s per 1 local
iteration as compared to 0.00737 s required by the method of
Ref. 15. Now, for getting a stable procedure, the method of
Ref. 15 requires about 4 local iterations per streamwise sta-
tion. Hence, the present technique requires about 32% of the
CPU time of Ref. 15 per streamwise station. When we account
for the total number of global iterations required for conver-
gence, we get a reduction to about 35-10% of the total CPU

time or even more, depending on the length of the calculated
flow region. Further studies for flows over slender sphere/cone
shapes, where local iterations with under-relaxation are re-
quired for s > 1.1, show an even better CPU improvement
due to the large under-relaxation parameter that can be used
with the present method.

Conclusions
A new method for solving the VSL equations for super-

sonic/hypersonic flows over axisymmetric blunt bodies or two-
dimensional blunt wedges has been presented. The method is
capable of handling thick-to-slender body configurations. The
results obtained by the method agree well with available re-
sults of previous methods. The main advantages of the method
are the significant reduction of the computation time as com-
pared to previous methods of solution and its simplicity. The
reduction of the computation time is achieved by eliminating
the need for local iterations at each streamwise station and the
employment of an efficient global iteration procedure. The VSL
equations are formulated in general orthogonal curvilinear co-
ordinates so that general body shapes can be handled.

Mixed forward-backward differences are used for the p% and
v^ terms that are calculated by a global iteration procedure.
The use of mixed differences assures the mathematical as well
as physical consistency of the problem.

The method can be implemented efficiently on vector/par-
allel computers since it enables the effective utilization of the
special processing features of these machines. The method can
be extended to the solution of supersonic/hypersonic flows past
blunt-nosed bodies at angles of attack, which are of prime in-
terest at the present.
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